Abstract. The goal of this short article is to describe the local structure of the Teichmüller stack in the neighborhood of a Kähler point. In particular we show that at a Kähler point X with no non-trivial global holomorphic vector field, the Teichmüller stack is an orbifold. The situation may be much more complicated if X is non-Kähler (still with no non-trivial global holomorphic vector field) or if we keep the same X but look at the moduli stack rather than at the Teichmüller one.
Introduction.
Let M be a smooth oriented compact manifold of even dimension 2n. We define as in [6] the Teichmüller stack as the quotient stack and Diff 0 (M ) is the group of diffeomorphisms of M which are C ∞ -isotopic to the identity.
For M being a hyperbolic surface of genus g, this is exactly the classical Teichmüller space of M , that is a complex manifold which embeds as an open set in C 3g−3 . For M being S 1 ×S 1 , it contains strictly more information that the classical Teichmüller space H, since, as a stack, it keeps track of the translations as stabilizers of the Diff 0 (M )-action. In the higher-dimensional case, this is in general not even locally an analytic space (as shown by Hirzebruch or Hopf surfaces, see [6, Ex. 11.3 and 11.6] ). This explains why we define it as a stack. In [6] (see also [7] for a comprehensive introduction), we study thoroughly the structure of this stack and gives an explicit atlas of it.
The goal of this short article is to give a complete description of the Teichmüller stack around a point encoding a Kähler structure. Theorem 7.1 gives the most general picture. Building on [6] , we define in Section 3 the analytic Artin stack [K 0 /Aut 0 (X 0 )] and we show that, at a Kähler point, the Teichmüller stack is locally the quotient of the stack [K 0 /Aut 0 (X 0 )] by the finite group Γ (see (4.1) for its definition). In particular, Corollary 7.3 asserts that at a Kähler point with no non-trivial global holomorphic vector field, the Teichmüller stack is locally an orbifold, that is the quotient of an analytic space by the action of the finite group Γ.
We point out that such a result does not hold at the level of the Riemann moduli stack since the mapping class group of a, say projective, manifold can act on the Teichmüller stack with dense orbits (this is the case for 2-dimensional tori [3] or for Hyperkähler manifolds [12] ), hence the local model of the moduli stack at a Kähler point with no non-trivial global holomorphic vector field may be far from being an orbifold. In those cases, the Teichmüller stack in a neighborhood of a Kähler point is much simpler than the moduli stack in a neighborhood of the same point, hence the notion of Teichmüller stack is pertinent with respect to that of moduli stack also in the higher dimensional case.
Moreover, we give a general description of the situation in Proposition 5.5 and Corollary 7.5. It shows that at a non-Kähler point, the situation is much more complicated. Firstly, the group Γ may be infinite; secondly its role is now played by a holonomy pseudogroup Hol. In particular, at a non-Kähler point with no non-trivial global holomorphic vector field, the best we can say is that the Teichmüller stack is roughly speaking locally the quotient of an analytic space by the action of a countable group. This is only a theoretical statement and we unfortunately lack of examples. Indeed, we do not know of a single example with infinite holonomy. However, our results and methods strongly suggest that they should exist and point towards a dichotomy between points with finite holonomy (including but not equal to Kähler ones) and points with infinite holonomy (which have to be non-Kähler). If correct, this would really be surprising since, at the level of the Kuranishi space, there is no difference between Kähler and non-Kähler manifolds: the Kuranishi space of a Kähler, even of a projective, manifold can exhibit all the pathologies (for example not irreducible [2] , not reduced [9] , arbitrary singularities [11] ) the Kuranishi space of a non-Kähler one can have. In the same way, as noted above, there is no difference between them at the level of the Riemann moduli stack. This difference only appear when considering the Teichmüller stack and suggests that the full complexity of the Teichmüller stack is only seen at non-Kähler points hence that its geometry cannot be fully understood without dealing with non-Kähler manifolds.
Alternatively, this paper describes fully the natural locally surjective map from the Kuranishi space K 0 of a Kähler manifold X 0 onto T (M ). The fiber over X 0 is the union of a finite number of leaves of the natural foliation of K 0 described in [5] which are permuted by the group Γ.
The statements are easy consequences of [6] . They are obtained by applying a classical property of the cycle space of a Kähler manifold due to Lieberman [4] to show the finiteness of the set of maximal elements of Hol and its identification with Γ. The core of the proof is a detailed description of these holonomy morphisms. Thanks to the thorough description of the Teichmüller stack in [6] , the precise description of the holonomy morphisms can be made with few supplementary efforts. This shows all the interest and strength of the foundational work done in [6] .
The paper is organized as follows. Section 2 is devoted to recording the results about the Teichmüller stack of [6] we need. Section 3 contains a more precise description of the stack [K 0 /Aut 0 (X 0 )] which is a first approximation of the neighborhood of a point in the Teichmüller stack. Section 4 contains the statement and proof of Lieberman Proposition 4.1. Section 6 explains the three different types of holonomy morphisms. In Section 7, we give the statement of the main Theorem 7.1 and of its many corollaries. Section 8 details some related open problems.
The Teichmüller Stack
Let S be the category of analytic spaces and morphisms endowed with the transcendantal topology. Given S ∈ S, we call M -deformation over S a proper and smooth morphism X → S whose fibers are compact complex manifolds diffeomorphic to M . As C ∞ -object, such a deformation is a bundle over S with fiber M and structural group Diff + (M ) (diffeomorphisms of M that preserve its orientation). It is called reduced if the structural group can be reduced to Diff 0 (M ). In the same way, a morphism of reduced Mdeformations X and X ′ over an analytic morphism f :
such that X and f * X ′ are isomorphic as Diff 0 (M )-bundles over S. The Teichmüller stack T (M ) is defined as the stack over the site S such that i) T (M )(S) is the groupoid of isomorphism classes of reduced Mdeformations over S. 
Since Diff 0 (M ) acts on the (infinite-dimensional) analytic space I(M ) preserving its connected components and its irreducible components, we may speak in this way of connected components and irreducible components of T (M ). Hence, locally, the irreducible components of I(M ) at J 0 are those of the finite-dimensional space K 0 .
Recall that the stabilizer of the Diff 0 (M )-action is the group
which may be different from Aut 0 (X 0 ), see [8] . In [6] , a finite-dimensional atlas of (a connected component of) T (M ) is described under the hypothesis that the dimension of the automorphism group of the complex manifolds encoded in T (M ) is bounded. The rough idea is that the Diff 0 (M )-action on I(M ), though not locally free when the complex structures admit holomorphic vector fields, defines a sort a foliation that we call a TG foliation. A holonomy groupoid can be defined for this sort of foliation and gives the desired atlas.
Such a groupoid is obtained by taking a complete set of local tranversals to the foliation and consider its quotient through the holonomy morphisms. In our situation, the transversal at a point
Here we need to be more precise about the definition of this stack.
and W an open neighborhood of 0 in the vector space of vector fields L 2 -orthogonal to the vector space of holomorphic vector fields H 0 (X 0 , Θ) such that the Kuranishi mapping
is an isomorphism. As usual, we use the exponential map associated to a riemannian metric on M in order to define the map e which gives a local chart of Diff 0 (M ) at Id. Composing the inverse of (3.1) with the projection onto K 0 gives a retraction map Ξ : V → K 0 . Let now f be an element of Aut
is a well defined analytic map. Observe that Hol f fixes J 0 and that it fixes each leaf of the foliation 1 of K 0 described in [5, §3] . We want to encode all these maps (3.2) in an analytic groupoid. We set
and consider the two maps from U to K 0
Remark 3.1. Here, we must endow Aut 0 (X 0 ) × K 0 with a complex structure which is not the product structure but takes into account what we explained in Section 2. Indeed Aut 0 (X 0 ) × K 0 inherits its complex structure from its natural inclusion in Diff 0 (M ) × I(M ). For example, if X 0 is an elliptic curve E τ and K 0 is a neighborhood of τ in the upper half-plane H, then Aut 0 (X 0 ) is E τ but Aut 0 (X 0 ) × K 0 is in fact the universal family over K 0 , that is the family whose fiber over τ ′ ∈ H is E τ ′ (cf. [10] ).
However, α and β do not fit into a groupoid U ⇒ K 0 . There are two problems. First of all, there is no reason for Hol f •g to be the same as Hol f • Hol g . Hence we do not have a natural multiplication map. This problem can be fixed using the Lemma 3.2. Given (f, g, J) such that (g, J) and (f, Hol g (J)) belong to U , then there exist canonical f ′ ∈ Aut 0 (X 0 ) and ξ such that
Proof. Lemma 3.2 follows directly from Lemma 2.9 of [6] . Indeed, by (3.1), we have
for some χ. Now Lemma 2.9 of [6] implies that there exist a unique f ′ ∈ Aut 0 (X 0 ) and a unique ξ such that
hence such that
concluding the proof.
We now face the second problem. Proof. If J belongs to
Equality (3.5) follows from Lemma 3.2.
Thanks to Lemma 3.3, we may finish the construction and define the multiplication m. We proceed by induction.
Step 0 is U ⇒ K 0 defined through (3.4)
2
. At Step 1, we extend U to define the multiplication of two morphisms (3.4). For (f, J) and (g, J ′ ) in U such that J ′ = β(f, J) we use Lemma 3.3 to obtain f ′ . If necessary, we add (g • f ′ , J) to U . Then we set
Step 2, we extend U to define the multiplication of three morphisms (3.4). And so on. We finally obtain an extended version of U ⇒ K 0 that we denote (abusively) by Aut 0 (X 0 )×K 0 ⇒ K 0 and which satisfies the following proposition.
We denote (still abusively) by
] for some open sets U and U ′ . We denote by Mor ([K 0 /Aut 0 (X 0 )]) the set of morphisms. It has a natural structure of a groupoid.
Finiteness properties in the Kähler setting
In this section, we recall a basic result which is due to Lieberman [4] . Proposition 4.1. Let π i : X i → B i be smooth morphisms with compact Kähler fibers over reduced analytic sets B i for i = 0, 1. Let E ⊂ B 0 × B 1 be a subset and let Z → E be a family of cycles of X 0 × X 1 . Assume that E is included in a compact of B 0 × B 1 . Assume also that any cycle Z (t,t ′ ) is the graph of a biholomorphism from (X 0 ) t onto (X 1 ) t ′ . Then, i) Z only meets a finite number of irreducible components of the cycle space of X 0 × X 1 . ii) Let C be such a component. Then C contains a Zariski open subset C 0 all of whose members are graphs of a biholomorphism between a fiber of X 0 and a fiber of X 1 .
Proof. i) Let (ω i t ) t∈B i be a continuous family of Kähler forms on the π ifibers (i = 0, 1). Let M be the smooth model of X 0 and let (J i t ) t∈B i be a continuous family of integrable almost complex operators on M such that (X i ) t = (M, J i t ). For every (t, t ′ ) ∈ E, call f t : M → M the biholomorphism corresponding to the cycle Z (t,t ′ ) . We compute the volume of these cycles using the ω t . We have
since f t is isotopic to the identity hence f * t ω 1 t ′ and ω 1 t ′ differs from an exact form. Since E is included in a compact of B 0 × B 1 , we obtain that the volume of the Z (t,t ′ ) is uniformly bounded. It follows from [4, Theorem 1] that Z has compact closure in the cycle space of X 0 × X 1 . Hence Z only meets a finite number of irreducible components of this cycle space. ii) Consider the family of cyclesC ⊂ X 0 × X 1 → C. Since this map is proper and surjective, it is smooth on a Zariski open subset and every cycle above this set is a submanifold. Then π 0 × π 1 is a proper holomorphic mapping fromC onto the non-compact analytic set B 0 × B 1 . Hence every cycle of C is a cycle of some (X 0 ) t × (X 1 ) t ′ . Moreover, if pr i denotes the projection of X 0 × X 1 onto the i-factor (i = 0 or 1), then it contains a full fiber (X i ) s (s being t or t ′ ), hence its generic fiber is of the same type. Putting altogether shows that on a Zariski open subset of C, every cycle is a submanifold of some (X 0 ) t × (X 1 ) t ′ with projections pr i being bijective onto both factors. So is the graph of a biholomorphism between a fiber of X 0 and a fiber of
Recall that if X 0 is Kähler, then it follows from Proposition 4.1 applied to X 0 = X 1 = X 0 that Γ is a finite group. 
is an isomorphism. Here W is a neighborhood of 0 in the space of smooth vector fields, cf. (3.1) and U a neighborhood of the identity in Aut 0 (X 0 ). This is possible thanks to Lemma 2.9 of [6] . We denote by Mad the set of maximal adjacent collections and by Hol the set of holonomy morphisms. The set Hol can be turned into a pseudogroup (or equivalently a groupoid of germs), the composition being well defined only if the domains of definition match. There is a map
Definition 5.3. We call Holonomy pseudogroup of K 0 the pseudogroup Hol.
Remark 5.4. It is important to notice that Hol depends on K 0 , that is on the particular representative of the germ of Kuranishi space at X 0 . Reducing K 0 may change Hol.
Then,
where the brackets denote the image in [K 0 /Aut 0 (X 0 )] and · the action of point i). iii) A neighborhood of X 0 in T (M ) is isomorphic to the quotient of the stack [K 0 /Aut 0 (X 0 )] by the action of Hol.
Roughly speaking, point iii) says that a neighborhood of X 0 in T (M ) is isomorphic to the quotient of the stack [K 0 /Aut 0 (X 0 )] by the action of a countable group.
6. The Holonomy Representation of Γ Closely related to the homomorphism (5.2) is the natural action of Γ onto [K 0 /Aut 0 (X 0 )] defined as follows. For any f ∈ Aut 1 (X 0 ), we may define a map Hol f exactly as in (3.2) . Such a map acts on K 0 respecting the foliation of [5] . It acts trivially if it fixes each leaf. This is the case if f belongs to Aut 0 (X 0 ). Hence we only have to consider a set of morphisms in 1:1 correspondance with the elements of Γ. The maps Hol f define morphisms from the germ of [K 0 /Aut 0 (X 0 )] onto itself and we may gather all these morphisms into a holonomy representation
where f γ is any element of Aut 1 (X 0 ) whose projection onto Γ is γ. We set Definition 6.1. We call holonomy representation at J 0 ∈ K 0 the representation (6.1).
If we compare with Section 5, we easily see that the holonomy representation (6.1) is in fact a representation from Γ to Hol. However, in general the image of Γ through (6.1) is not the full Hol since it maps only to holonomy morphisms fixing J 0 . In the Kähler case, much more can be said about the holonomy representation (6.1). Let X 0 be a Kähler point of T (M ). Let K 0 be a representative analytic space of its germ of Kuranishi space. Setting X 0 = (M, J 0 ) we consider the orbit O of J 0 in I(M ) and view K 0 as a local transverse section.
Proof. Let X → K 0 be the Kuranishi family. We assume that K 0 is small enough so that it only contains Kähler points. We also assume that K 0 is reduced, replacing it with its reduction if necessary. Take X 1 = X and X 2 = X 0 seen as a family over the point {J 0 }. Let E ′ be the subset of K 0 corresponding to complex structures J in the same Diff 0 (M )-orbit that J 0 . Since we are only interested in what happens close to J 0 , we may replace E ′ with its intersection with a compact neighborhood of J 0 in K 0 . Then for each J ∈ E ′ , choose some element f J of Diff 0 (M ) mapping J 0 onto it. Set E = {J 0 } × E ′ and let Z be the cycles corresponding to the graphs of the f J . Apply Proposition 4.1. We conclude that Z meets a finite number of irreducible components of the cycle space of X 0 × X , say C 1 ,..., C p .
Now, E ′ is a subset of K 0 which does not contain any continuous path by Fischer-Grauert Theorem, see [5, Lemma 5] for the convenient geometric reformulation. Still by Proposition 4.1, it follows that a Zariski open subset of each C i does not contain any continuous path. Hence these components are isolated points and E ′ is a finite subset. Reducing K 0 if necessary, we may assume that E ′ is just {J 0 } as wanted.
Thus, in the Kähler case, the J 0 -orbit intersects K 0 only at J 0 and the representation (6.1) encodes the action of the automorphisms of X 0 that permute the leaves of the foliation of [5] . This situation is very close to the classical case of a compact leaf of a foliation on a finite-dimensional manifold. In that case, Lemma 6.2 is true by a direct compacity argument and one can show that a neighborhood of the compact leaf in the leaf space is given by the quotient of a small transversal by the holonomy representation. So Lemma 6.2 together with the fact that Γ and thus its image in Hol are finite suggest in first approximation that the neighborhood of X 0 in T (M ) should be the quotient of [K 0 /Aut 0 (X 0 )] by the image of Γ. We cannot however conclude directly since there may exist some additional holonomy morphisms in Hol. Indeed, there is an additional problem to solve due to the non-compacity of the situation. There should a priori exist a sequence of elements (f i ) of Diff 0 (M ) such that
ii) For all i = j, the morphisms f i and f j are not adjacent.
In other words, the sequence (f i ) "goes to infinity" in Diff 0 (M ), that is is not bounded in Diff 0 (M ); each f i is defined on an open set which does not contain J 0 but the sequence of these open sets approaches J 0 , i.e. their union is adherent to J 0 . To prove Theorem 7.1, we need to show that such a holonomy sequence cannot exist in the Kähler setting.
Main results
We may now state our main results and finally Corollary 7.5. Consider the natural morphism K 0 → T (M ). Let X be a point in the image. Then, i) The fiber above X is a countable union of leaves of the foliation of [5] that are permuted by the action of the pseudogroup Hol. ii) If moreover X 0 is Kähler, then the fiber is a finite union of leaves.
We are now in position to prove Theorem 7.1.
Proof. We begin with showing that the set of maximal elements of Hol is finite. In fact, we show more. We show that the set of maximal elements of Mad is finite. Assume the contrary i.e. assume that there is an infinite number of maximally adjacent collections (f i ) i∈I k ordered by k ∈ N that cannot be made finite by reducing K 0 . We order them in such a way that there exist two sequences (J k ) and (J ′ k ) of K 0 converging to J 0 which satisfy ∀k ∈ N, ∃i k ∈ I k such that
Take X 1 = X 2 = X the Kuranishi family above K 0 , take the set of all couples (J k , J ′ k ) as E and take the graph of f i k as cycle Z k over such a point. Apply Proposition 4.1. Taking subsequences if necessary, we may assume that all cycles live in the same irreducible component of the cycle space of X × X . But this mean that we can deform any Z k onto any Z l through graphs of biholomorphisms between fibers of X . Hence, fixing some k = l, we may find a path c (resp. c ′ ) joining J k (resp. J ′ k ) to J l (resp. J ′ l ) and an isotopy F between f i k and f i l such that ∀t ∈ [0, 1] c(t) · F (t) = c ′ (t)
But this means that we may analytically prolongate Hol f i k along c in such a way that it is equal to Hol f i l near c(1) up to the action of an element of Aut 0 (X 0 ). And this means that f i k and f i l are adjacent, contradicting the fact that they belong to two distinct maximally adjacent collections. This proves i).
As for ii), we already know that Γ injects in the set of maximal elements of Hol. Assume that H is a maximal element of Hol not coming from Γ. Then H is not defined at J 0 or does not fix J 0 . In both cases, we reduce K 0 such that it no more contains the image by H of a small neighborhood of J 0 . Reducing K 0 once again, we get rid of H. Since Hol is finite, we just have to perform a finite number of reductions of K 0 and we are done.
Finally, iii) follows easily from ii) and what preceeds.
Open problems
In the general case, we cannot give a more precise description than that of Proposition 5.5 and Corollary 7.5. To go further we need to understand better Hol.
Recall that we gave in [8] an example with non-trivial holonomy. But as noted in the introduction, we do not know examples with infinite holonomy. More generally, the pseudogroup Hol is very mysterious and there are several important questions related to it. We list some of them in this section.
Problem 8.1. Find a compact complex manifold X 0 with Aut 1 (X 0 ) having an infinite number of connected components.
Such an example would automatically have infinite holonomy since Γ injects in the set of maximal elements of Hol(X 0 ). But there is no reason for them to be equal. Hence we ask Problem 8.2. Find a compact complex manifold X 0 with infinite holonomy but Aut 1 (X 0 ) having a finite number of connected components.
